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Abstract We investigate a quantum counterpart of the classical notion of a stochastic
process continuous with probability one, and prove that the L2-limit of quantum martin-
gales ‘continuous with probability one’ is a quantum martingale ‘continuous with probabil-
ity one’. Applications of this result to a number of concrete situations is presented.

Keywords Quantum stochastic process · Segal’s continuity · Martingales · von Neumann
algebras

1 Introduction

The importance of the notion of continuity with probability one of a stochastic process, in
the classical theory of stochastic processes, is widely appreciated. However, due to the obvi-
ous reference of this notion to the underlying probability space, it is by no means clear how
to generalize it to the case of quantum stochastic processes which are defined as collections
of ‘quantum random variables’, i.e. collections of operators belonging to a von Neumann
algebra or, more generally, to some Lp-space over this algebra, where nothing like a proba-
bility space turns up. Nevertheless, a deeper analysis of this notion in the spirit of Egorov’s
theorem reveals its algebraic nature, making it amenable to a natural generalization to the
quantum context. Moreover, it turns out that many properties of this ‘quantum continuity
with probability one’ are inherited from its classical ancestor, for instance, the celebrated
Kolmogorov theorem on continuity of a stochastic process has its quantum counterpart. In
the paper we show that another classical result holds true in the quantum case. Namely,
it is proved that the limit in the space L2 over a von Neumann algebra, of a sequence of
martingales ‘continuous with probability one’ is a martingale ‘continuous with probability
one’. This result is then applied to a number of situations giving, in particular, ‘continuity
with probability one’ of quantum stochastic integrals with the integrators being continuous
martingales, in full accordance with the classical case.
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2 Preliminaries and Notation

A noncommutative stochastic base which is a basic object of our considerations consists
of the following elements: a von Neumann algebra A acting on a Hilbert space H, a
normal faithful unital trace τ on A, and a filtration (At : t ∈ [0,+∞)), which is an in-
creasing (s ≤ t implies As ⊂ At ) family of von Neumann subalgebras of A such that
A = A∞ = (

⋃
t≥0 At )

′′. Then for each t , there exists a normal conditional expectation Et

from A onto At such that

τ ◦ Et = τ. (1)

Moreover, for any x ∈ A, t ∈ [0,+∞), we have

Et |x|2 ≥ |Et x|2. (2)

For t ∈ [0,+∞], L2(At ) will be the non-commutative Lebesgue space associated with
At and τ . The theory of such noncommutative Lp-spaces is described e.g. in [13]; for our
purposes we only need the case p = 2. Recall that L2(At ) consists of densely defined op-
erators on H, affiliated with At , and that L2(At ) is completion of At with respect to the
norm

‖X‖2 = [τ(|X|2)]1/2;
moreover, for a ∈ At , X ∈ L2(At ) the operators aX and Xa belong to L2(At ). The condi-
tional expectations Et extend to projections of norm one from L2(A) onto L2(At ) enjoying
properties (1) and (2). We shall use the same symbol for these extended conditional expec-
tations.

An A-(respectively L2-) valued quantum stochastic process is a map X from [0,+∞)

into A (respectively L2(A)). By analogy with the classical case we shall write X =
(X(t): t ∈ [0,+∞)) (a family of ‘quantum random variables’).

An L2-process (X(t): t ∈ [0,+∞)) is called a martingale if for each s, t ∈ [0,∞), s ≤ t ,
we have EsX(t) = X(s).

3 Continuity of a Quantum Stochastic Process

The analysis of the notion of continuity with probability one of a classical stochastic process
presented below, has already been performed in [10]. To make the paper self-contained we
recall it here.

Let (X(t, ·): t ∈ [a, b]) be a stochastic process over a probability space (Ω,F,P ). Con-
sider the following condition: for each ε > 0 there is Ωε ∈ F with P (Ωε) > 1 − ε, such that
the paths {X(·,ω): ω ∈ Ωε} are equally uniformly continuous. This can be rewritten as:

for each ε > 0 there is Ωε ∈ F with P (Ωε) > 1 − ε,

having the property:
for each η > 0 there is δ > 0 such that for any ω ∈ Ωε

and any s, t ∈ [a, b] with |t − s| < δ,

we have |X(t,ω) − X(s,ω)| ≤ η.

(*)
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If the above condition is satisfied, then the paths of the process are uniformly continuous
with probability one. Indeed, take ε = 1/n, and let Ωε = Ω1/n be as above. Put

Ω0 =
∞⋃

n=1

Ω1/n.

Then P (Ω0) = 1, and for each ω ∈ Ω0 we have ω ∈ Ω1/n for some n, which means that the
path X(·,ω) is uniformly continuous.

Now let us assume that the paths are uniformly continuous with probability one, and let
Ω0 = {ω: X(·,ω) is uniformly continuous}. We have P (Ω0) = 1, and

Ω0 =
∞⋂

r=1

∞⋃

m=1

⋂

|t−s|<1/m

s,t∈[a,b]

{

ω: |X(t,ω) − X(s,ω)| ≤ 1

r

}

=
∞⋂

r=1

∞⋃

m=1

⋂

|t−s|<1/m

s,t∈[a,b]

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

}

.

The continuity of the paths for ω ∈ Ω0 implies that

⋂

|t−s|<1/m

s,t∈[a,b]

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

}

=
⋂

|t−s|<1/m

s,t∈[a,b]∩Q

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

}

,

where Q stands for the rational numbers. It follows that the set

⋂

|t−s|<1/m

s,t∈[a,b]

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

}

is measurable, and for each positive integer r we have

1 = P

( ∞⋃

m=1

⋂

|t−s|<1/m

s,t∈[a,b]

{

ω: |X(t,ω) − X(s,ω)| ≤ 1

r

})

= lim
m→∞P

(
⋂

|t−s|<1/m

s,t∈[a,b]

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

})

.

For any ε > 0 and positive integer r choose mr such that

P

(
⋂

|t−s|<1/mr

s,t∈[a,b]

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

})

> 1 − ε

2r
,
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and put

Ωε =
∞⋂

r=1

⋂

|t−s|<1/mr

s,t∈[a,b]

{

ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r

}

.

Then P (Ωε) > 1 − ε. For arbitrary fixed η > 0 let r0 be such that 1/r0 ≤ η. Put δ = 1/mr0 .
For each ω0 ∈ Ωε we have, in particular, that ω0 ∈ {ω ∈ Ω0: |X(t,ω) − X(s,ω)| ≤ 1

r0
} for

any s, t ∈ [a, b] with |t − s| < 1/mr0 = δ, which means that

|X(t,ω0) − X(s,ω0)| ≤ 1

r0
≤ η,

showing that condition (*) holds.
We have thus shown the equivalence of uniform continuity of paths of the process with

probability one and condition (*). Since in our case the uniform continuity of paths is equiv-
alent to ordinary continuity, condition (*) can be treated simply as another definition of the
classical notion of a continuous stochastic process.

Let us observe that condition (*) can be given the following form. Denote by χE the
indicator function of the set E. Then (*) becomes:

for each ε > 0 there is Ωε ∈ F with P (Ωε) > 1 − ε, having the property: for each η > 0
there is δ > 0 such that for any s, t ∈ [a, b] with |t − s| < δ, we have

sup
ω∈Ωε

|X(t,ω) − X(s,ω)| = sup
ω∈Ω

[|X(t,ω) − X(s,ω)|χΩε (ω)]

= ‖[X(t, ·) − X(s, ·)]χΩε‖∞ ≤ η.

The above form is essentially algebraic, referring only to the algebra L∞(Ω), which be-
comes clear if we replace the inequality P (Ωε) > 1 − ε by the equivalent inequality∫

Ω
χΩεdP > 1 − ε. Thus for a quantum process (X(t): t ∈ [a, b]) it can be given either

of the following two forms: ‘right’ and ‘left’, denoted respectively by (R) and (L):
For each ε > 0 there is a projection e in A with τ(e) > 1 − ε, having the property: for

each η > 0 there is δ > 0 such that for any s, t ∈ [a, b] with |t − s| < δ, we have

[X(t) − X(s)]e ∈ A and ‖[X(t) − X(s)]e‖∞ ≤ η, (R)

or

e[X(t) − X(s)] ∈ A and ‖e[X(t) − X(s)]‖∞ ≤ η, (L)

where ‖ · ‖∞ denotes the norm in the algebra A. This form of ‘quantum continuity of paths
with probability one’, in its right version, has already been considered before in [6, 7], where
it was given the name of ‘Segal’s uniform continuity’, and some theorems on this continuity
were obtained. However, it is easily seen that the ‘right Segal’s uniform continuity’ which
appears in the conclusions of those theorems can be changed to the ‘left Segal’s uniform
continuity’, so the results in [6, 7] give in fact both forms of this continuity.

We shall call a process uniformly continuous in Segal’s sense if it satisfies both (R)
and (L) conditions. It is obvious that for a selfadjoint process conditions (R) and (L) are
equivalent. Let now ε, e and δ be as above. For arbitrary s, t ∈ [a, b], s < t choose points
s = t0 < t1 < · · · < tm = t such that max1≤k≤m(tk − tk−1) < δ. Then

[X(t) − X(s)]e = [X(t) − X(tm−1)]e + · · · + [X(t1) − X(s)]e,
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and since all the summands on the right hand side belong to A we get that [X(t) −
X(s)]e ∈ A. In particular, if X(s0) ∈ A for some s0 ∈ [a, b] then right Segal’s uniform con-
tinuity means that for each ε > 0 there is a projection e ∈ A with τ(e) > 1 − ε such that the
process (X(t)e: t ∈ [a, b]) ⊂ A is uniformly continuous in ‖ · ‖∞-norm. The same holds of
course for left Segal’s uniform continuity.

Let us say a few words about the terminology. The term ‘Segal’s convergence’ was in-
troduced by E.C. Lance in [9] in honor of I. Segal who first considered this mode of conver-
gence in his celebrated paper [12]. This notion consists in the following: xn → x in Segal’s
sense if for each ε > 0 there is a projection e ∈ A with τ(e⊥) < ε such that (xn − x)e ∈ A
for sufficiently large n, and ‖(xn − x)e‖∞ → 0. In the definition above it is assumed that τ

is a faithful normal semifinite trace on A. If τ is finite (as in our case) then Segal’s conver-
gence becomes the so-called almost uniform convergence (which in the commutative case
is via Egorov’s theorem equivalent to convergence almost everywhere). Now the similarity
between Segal’s (or in other words: almost uniform) convergence and Segal’s continuity is
obvious and goes (essentially) like this: in Segal’s convergence we can find an ‘arbitrarily
large’ projection e such that xne → xe in ‖ · ‖∞-norm, while in Segal’s continuity we can
find an ‘arbitrarily large’ projection e such that the process (X(t)e: t ∈ [a, b]) is uniformly
continuous in ‖ · ‖∞-norm. Accordingly, Segal’s continuity might also be called almost uni-
form continuity.

Consider now a process (X(t): t ∈ [0,+∞)). It is easily seen that the paths of this
process are continuous with probability one if and only if for each bounded interval [a, b]
contained in [0,+∞) the paths of the process (X(t): t ∈ [a, b]) are uniformly continuous
with probability one. In accordance with the above observation we adopt the following def-
inition.

Definition 1 Let (X(t): t ∈ [0,+∞)) be a quantum stochastic process. We say that it is
(left, right) continuous in Segal’s sense if for any subinterval [a, b] of the interval [0,+∞)

the process (X(t): t ∈ [a, b]) is (left, right) uniformly continuous in Segal’s sense.

The considerations above lead to one more notion of continuity. Namely, the projection
e occurring in the definitions of left and right Segal’s continuity can be put on both sides.
Accordingly, we have

Definition 2 Let (X(t): t ∈ [0,+∞)) be a quantum stochastic process. We say that it is
weakly continuous in Segal’s sense if for any subinteval [a, b] of the interval [0,+∞) the
process (X(t): t ∈ [a, b]) is weakly uniformly continuous in Segal’s sense, i.e. for each ε > 0
there is a projection e in A with τ(e) > 1 − ε, having the property: for each η > 0 there is
δ > 0 such that for any s, t ∈ [a, b] with |t − s| < δ, we have

e[X(t) − X(s)]e ∈ A and ‖e[X(t) − X(s)]e‖∞ ≤ η.

It is clear that both left and right Segal’s uniform continuity imply weak Segal’s uniform
continuity. Moreover, if (X(t)) is left and (Y (t)) is right uniformly continuous in Segal’s
sense then (X(t) + Y (t)) is weakly uniformly continuous in Segal’s sense, while for (X(t))

and (Y (t)) right (left) uniformly continuous in Segal’s sense, the sum (X(t) + Y (t)) is
right (left) uniformly continuous in Segal’s sense (to see it one takes the infimum of the
two projections occurring in the definition of Segal’s uniform continuity). Obviously, in the
commutative case all three modes of continuity are equivalent.
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4 Main Result

We begin with a result which may be looked upon as a noncommutative generalization of
one of the classical martingale inequalities. Our attention will be restricted to its simplest
version for a finite martingale, which suffices for the purposes of this paper; however, it is
worth mentioning that a result of this type can be obtained also in a more general setting.
The inequality of this type has been obtained by C.J.K. Batty in a slightly different context
as ‘quantum Kolmogorov’s inequality’ for sums of ‘independent quantum random variables’
(cf. [3, Proposition 5.1]).

Proposition Let (X1, . . . ,Xm) be an L2-martingale. Then for each ε > 0 there is a projec-
tion e ∈ A such that

τ(e⊥) <
‖Xm‖2

2

ε2
,

and

‖Xne‖∞ ≤ ε for each n = 1, . . . ,m.

The same conclusion holds also in the ‘left version’ with the projection e put to the left of Xn.

For the proof we refer the reader to [10, Proposition 2].
Now we shall prove our main result on continuity of quantum stochastic processes.

Main Theorem Let (Xn(t): t ∈ [0,+∞)) be a sequence of L2-martingales (left, right,
weakly) continuous in Segal’s sense, such that for each t ∈ [0,+∞)

lim
n→∞Xn(t) = X(t) in ‖ · ‖2-norm.

Then (X(t): t ∈ [0,+∞)) is an L2-martingale (left, right, weakly) continuous in Segal’s
sense.

Proof That (X(t)) is an L2-martingale follows immediately from the continuity of the con-
ditional expectation in ‖ · ‖2-norm. In proving Segal’s continuity we restrict attention to the
‘right’ case. To this end, we shall prove the right uniform Segal’s continuity of (X(t)) in an
arbitrary interval [0, a].

Let m, n be arbitrary fixed positive integers. The process (Xn(t) − Xm(t): t ∈ [0, a]) is a
uniformly right continuous in Segal’s sense martingale. For any given εnm > 0 let fnm be a
projection in A such that τ(f ⊥

nm) < εnm, and the processes ([Xn(t)−Xm(t)]fnm: t ∈ [0, a]),
(Xn(t)fnm: t ∈ [0, a]), (Xm(t)fnm: t ∈ [0, a]) ⊂ A are uniformly continuous in ‖·‖∞-norm.
In particular, there is δnm > 0 such that for all t ′, t ′′ ∈ [0, a] with |t ′ − t ′′| < δnm we have

‖([Xn(t
′) − Xm(t ′)] − [Xn(t

′′) − Xm(t ′′)])fnm‖∞ ≤ εnm

2
. (3)

Choose points 0 = t0 < t1 < · · · < tr = a such that max1≤i≤r (ti − ti−1) < δnm. For the mar-
tingale (Xn(ti)−Xm(ti): i = 0,1, . . . , r) we infer on account of Proposition that there exists
a projection qnm ∈ A with

τ(q⊥
nm) <

4‖Xn(a) − Xm(a)‖2
2

ε2
nm
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such that

‖[Xn(ti) − Xm(ti)]qnm‖∞ ≤ εnm

2
, for i = 0,1, . . . , r. (4)

Put enm = fnm ∧ qnm. Then

τ(enm) < εnm + 4‖Xn(a) − Xm(a)‖2
2

ε2
nm

,

and for each t ∈ [0, a] there is ti such that |t − ti | < δnm, so from (3) and (4) we get

‖[Xn(t) − Xm(t)]enm‖∞

≤ ‖([Xn(t) − Xm(t)] − [Xn(ti) − Xm(ti)])enm‖∞ + ‖[Xn(ti) − Xm(ti)]enm‖∞

≤ ‖([Xn(t) − Xm(t)] − [Xn(ti) − Xm(ti)])fnm‖∞ + ‖[Xn(ti) − Xm(ti)]qnm‖∞

≤ εnm

2
+ εnm

2
= εnm.

Moreover, the processes (Xn(t)enm: t ∈ [0, a]) and (Xm(t)enm: t ∈ [0, a]) are uniformly
continuous in ‖ · ‖∞-norm.

Let an arbitrary ε > 0 be given. We have Xn(a) → X(a) in ‖ · ‖2-norm, so we can find a
subsequence {nk} such that

‖Xnk+1(a) − Xnk
(a)‖2 <

ε3

23k+5
, k = 1,2, . . . .

Apply our previous considerations to the martingale (Xnk+1(t) − Xnk
(t): t ∈ [0, a]) (i.e. we

take n = nk+1, m = nk). For (εnm =) εk = ε/2k+1 there is a projection ek ∈ A with

τ(e⊥
k ) <

ε

2k+1
+ 4(2k+1)2‖Xnk+1(a) − Xnk

(a)‖2
2

ε2
<

ε

2k+1
+ ε

2k+1
= ε

2k
,

such that for each t ∈ [0, a]

‖[Xnk+1(t) − Xnk
(t)]ek‖∞ ≤ εk = ε

2k+1
.

Put

e =
∞∧

k=1

ek.

Then τ(e⊥) < ε, and for each t ∈ [0, a]

‖[Xnk+1(t) − Xnk
(t)]e‖∞ ≤ ‖[Xnk+1(t) − Xnk

(t)]ek‖ ≤ εk = ε

2k+1
. (5)

Since the processes (Xnk
(t)ek : t ∈ [0, a]), k = 1,2, . . . are uniformly continuous in ‖ · ‖∞-

norm it follows that the processes (Xnk
(t)e: t ∈ [0, a]), k = 1,2, . . . are also uniformly

continuous in ‖ · ‖∞-norm. Condition (5) says that the sequence of processes (Xnk
(t)e: t ∈

[0, a]), k = 1,2, . . . is Cauchy in ‖ · ‖∞-norm uniformly for t ∈ [0, a]. Since

Xnk
(t)e → X(t)e in ‖ · ‖2-norm,
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it follows that

Xnk
(t)e → X(t)e in ‖ · ‖∞-norm

uniformly for t ∈ [0, a], and the ‖ · ‖∞-norm continuity of (Xnk
(t)e: t ∈ [0, a]) yields the

norm continuity of (X(t)e: t ∈ [0, a]) which proves the claim. �

5 Applications

The first group of applications of the Main Theorem concerns stochastic integrals. For a
more detailed presentation of the theories of integrals to which our result can be applied the
reader is referred to [1, 2, 5, 10, 11]. Here we only indicate the main points. Let (X(t): t ∈
[0,+∞)) be an L2-martingale, and let f : [0,+∞) → A be an adapted map, by which is
meant that for each t ≥ 0, f (t) ∈ At . The stochastic integrals

∫ t

0
f (u)dX(u) and

∫ t

0
dX(u)f (u)

are defined as L2-limits of the sums

Sr
n(t) =

kn∑

k=1

f (t
(n)

k−1)[X(t
(n)
k ) − X(t

(n)

k−1)]

and

Sl
n(t) =

kn∑

k=1

[X(t
(n)
k ) − X(t

(n)

k−1)]f (t
(n)

k−1),

respectively, where 0 = t
(n)

0 < t
(n)

1 · · · < t
(n)
kn

= t is a sequence of partitions of the interval
[0, t]. From the Main Theorem we obtain the following counterpart of the classical result on
continuity of stochastic integrals (cf. [4, Theorem 2.6] and [8, Chap. III, Sect. 2]).

Theorem 1 Let (X(t): t ∈ [0,+∞)) be an L2-quantum martingale, and let f :
[0,+∞) → A be an adapted map such that for each t ∈ [0,+∞) the stochastic integrals

Y (t) =
∫ t

0
f (u)dX(u) and Z(t) =

∫ t

0
dX(u)f (u)

exist. Then if (X(t)) is right continuous in Segal’s sense, (Y (t)) is right continuous in Segal’s
sense, while for (X(t)) left continuous in Segal’s sense, (Z(t)) is left continuous in Segal’s
sense.

For the proof it suffices to notice that for (X(t)) right (respectively left) continuous in
Segal’s sense the processes (Sr

n(t): t ∈ [0,+∞)) (respectively (Sl
n(t): t ∈ [0,+∞))) are

right (respectively left) continuous in Segal’s sense L2-martingales, and to apply the Main
Theorem.

The next example of use of our result consists, roughly speaking, in showing that the
space of martingales (left, right, weakly) continuous in Segal’s sense is closed. More pre-
cisely, let M2 denote the space of all L2-martingales, and let Mc

2 stand for continuous in
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Segal’s sense L2-martingales. In M2 we define a metric ρ by the formula

ρ(X,Y ) =
∞∑

n=1

‖X(n) − Y (n)‖2 ∧ 1

2n
,

where X = (X(t): t ∈ [0,+∞)), Y = (Y (t): t ∈ [0,+∞)) (cf. [8, Chap. I, Sect. 5]). Then
we have the following counterpart of Proposition 5.23 in [8].

Theorem 2 Under the metric ρ, M2 is a complete metric space, and Mc
2 is a closed sub-

space of M2.

Proof Let (M(t): t ∈ [0,+∞)) be an arbitrary L2-martingale. For s ≤ t we have on account
of (1) and (2)

τ(|M(t)|2) = τ(Es |M(t)|2) ≥ τ(|EsM(t)|2) = τ(|M(s)|2)
and thus the function [0,+∞) � t �→ ‖M(t)‖2 is nondecreasing. It follows that the con-
vergence Xn → X with respect to the metric ρ is equivalent to pointwise convergence
Xn(t) → X(t), t ∈ [0,+∞), in the norm ‖ · ‖2. Now the first part of the theorem follows
from the continuity of the conditional expectations Et in L2(A), while the second is a con-
sequence of the Main Theorem. �

References

1. Barnett, C., Streater, R.F., Wilde, I.F.: Stochastic integrals in an arbitrary probability gauge space. Math.
Proc. Camb. Philos. Soc. 94, 541–551 (1983)

2. Barnett, C., Wilde, I.F.: Random times, predictable processes and stochastic integration in finite von Neu-
mann algebras. Proc. Lond. Math. Soc. 67, 355–383 (1993)

3. Batty, C.J.K.: The strong law of large numbers for states and traces of a W∗-algebra. Z. Wahrsch. Verw.
Geb. 48, 177–191 (1979)

4. Chung, K.L., Williams, R.J.: Introduction to Stochastic Integration, 2nd edn. Birkhäuser, Boston (1990)
5. Goldstein, S.: Conditional expectation and stochastic integrals in non-commutative Lp-spaces. Math.

Proc. Camb. Philos. Soc. 110, 365–383 (1991)
6. Goldstein, S., Łuczak, A.: Continuity of non-commutative stochastic processes. Probab. Math. Stat. 6,

83–88 (1985)
7. Goldstein, S., Łuczak, A.: Sample continuity moduli theorem in von Neumann algebras. In: Probabil-

ity Theory on Vector Spaces III, Proceedings, Lublin, 1983. Lecture Notes in Mathematics, vol. 1080,
pp. 61–68. Springer, Berlin (1984)

8. Karatzas, I., Shreve, S.E.: Brownian Motion and Stochastic Calculus. Springer, New York (1991)
9. Lance, E.C.: Martingale convergence in von Neumann algebras. Math. Proc. Camb. Philos. Soc. 84,

47–56 (1978)
10. Łuczak, A.: Quantum stochastic integrals and Doob–Meyer decomposition. math.OA/0602216
11. Łuczak, A., Mohammed, A.A.: Stochastic integration in finite von Neumann algebras. Stud. Sci. Math.

Hung. 44(2), 233–364 (2007)
12. Segal, I.: A non-commutative extension of abstract integration. Ann. Math. 57, 401–457 (1953)
13. Yeadon, F.J.: Non-commutative Lp-spaces. Math. Proc. Camb. Philos. Soc. 77, 91–102 (1975)


	Continuity of a Quantum Stochastic Process
	Abstract
	Introduction
	Preliminaries and Notation
	Continuity of a Quantum Stochastic Process
	Main Result
	Applications
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


